Parabolic Systems Involving Sectorial Operators: Existence and Uniqueness of Global Solutions

Parabolic Systems Involving Sectorial Operators: Existence
andUniqueness of Global Solutions

Miguel Yangari' ; Diego Salazar'

'Escuela Politécnica Nacional, Departamento de Matemadtica, Ladron de Guevara E11-253, Quito, Ecuador
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Sistemas Parabolicos que Involucran Operadores Sectoriales:
Existencia y Unicidad de Soluciones Globales

Resumen: El objetivo de este articulo es estudiar la existencia y unicidad de soluciones globales en tiempo
parasistemas deecuaciones, cuando los términos de difusioén estan dados por operadores sectoriales.
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1. INTRODUCTION

In this paper, we study the global existence and uniqueness of
sectorial solutions to the system

fi(w),

uoi(x),

{ o + Aju; = Vte (O, OO)

u;(0,x) =

where A; are sectorial operators in the Banach space (X, || - ||),
up; € Xand f; : [0,00) x X" — X a given valued function for
alli € [1,m] := {1, ..., m}, where X" is the Banach product
space doted with the norm [Ju||,, = >/ ; [|ui|.

In the case m = 1, since work (Byszewski and Lakshmikant-
ham, 1990), (Byszewski, 1991), (Byszewski, 1993), there has
been increasing interest in studying abstract problems in Ba-
nach Spaces (cf., e.g., (Aizicovici and Mckibben, 2000) and re-
ferences therein). For material intimately related to the present
paper, we refer to (Henry, 1981), where is studied the existence
of sectorial solutions for the single equations. Also in (Jack-
son, 1993), (Liang et al, 2002), nonlocal autonomous parabolic
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problems are investigated, with f being Lipschitz continuous.
The existence of mild and classical solutions for reaction dif-
fusion equations involving a particular class of sectorial opera-
tors (fractional Laplacians) are studied in (Cabré and Roque-
joffre, 2013). See also the result in (Aizicovici and Mckibben,
2000), in which { A(t) }OStST is a family of m-accretive opera-
tors in X generating a compact evolution family, and the exis-
tence of integral solutions to the associated nonlocal problem is
shown. In the case m > 1, we refer to (Yangari, 2015) in which
is studied the existence and uniqueness of mild solutions of a
reaction diffusion system with infinitesimal generators.

In order to improve the notation, we consider the system

f(t,u), Vte(0,0)
Uo,

(D

[ -

where u = (u;)!", f = (fi)]", and A = diag(Aq, ..., Am).
Moreover, we consider the norm ||u||, = Y%, [|u;]|, ; on the
space X* = [T;" X#, where the space X! is defined in the next
section.

Throughout this paper, we assume () some open set in R X
X* and f; Q) — X is locally Holder continuous in f and
locally Lipschitz continuous in « on Q) for all i € [1,m]. More
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precisely, if (f1,x1) € Q, there exists a neighborhood V C Q)
such that for (t,x) € V, (s,y) € V

Ifi(t, ) = fits, )|l < Lillt =% +llx =yl ) @

for some constants L; > 0 and without loss of generality we
assume 0 := 6; > 0 for all i € [1,m]. Moreover, a solution of
the initial value system (1) on (t¢, 1) is a continuous function
u: [tg,t1) —> X™ suchthat u(fg) = upand on (o, t1) we ha-
ve (tu(t)) € O, u(t) € D(A), %(t) exists, £ — f(t,u(t))
is locally Hicelder continuous and

to+p
L W)t < e

for some p > 0 and the differential equation (1) is verified.

2. SECTORIAL OPERATORS

Taking i € [1,m] fixed throughout this section, we call a li-
near operator A; in a Banach space X, a sectorial operator
if it is a closed densely defined operator such that, for some
¢ € (0,71/2), M > 1 and areal ¢, the sector

Sep ={A[p<larg(A—¢)| <7, A#¢}
is in the resolvent set of A; and
H()\I - Ai)*lH <M/|A—¢| forall A€ Sy

Let us note that every bounded linear operator on a Banach
space is sectorial. Also, if we define

1

At 1At
= — I+ A;

e : /r()\ i) etdA

where T is a contour in the resolvent of —A; with arg(A) —
460 as |A| — oo for some 6 € (7r/2,7), we have that
—A; is the infinitesimal generator of the analytic semigroup
(e=4i(1),50, moreover, if Rec(A;) > b;, then for t > 0

e

—b; —A: C _p.
< celit, HA,-@ Az*H < et 3)
It is important to note that, if B is a bounded linear operator,
then e~ Bt as defined above extends to a group of linear opera-
tors and verifies

¢~ Bte=Bs — o=B(t+s) for —oo < t,5 < oo,
In order to define the fractional power of a sectorial operator

A;, we assume Rec(A;) > 0, so, forany a € (0,1)

1 (o)
—u a—1,—A;t
ATt = 71“(11)/0 e dt.

Taking A; " defined as above, we have that this operator is a
bounded linear operator on X which is one-one and satisfies
Al-_"‘Al-_’S = Al-_(“/3 ). Furthermore, A¥ represents the inverse
operator of A=* with D(A¥) = R(A;*) and AY is the iden-
tity on X. An important result concerning positive powers of
sectorial operators is

| ate= ]| < cuteett for £>0 @
with Rec(A;) > b; > 0and if u € D(AY)
—Ajt 1 o «

H(e i —I)uH < LC1-at | Afull (5)

also, AYAP = APar — AP on D(AY) with ¢ =
max(a, B, x + B).

Now, we consider the fractional powers of B; := A; + a;I with
a; € R chosen so Rec(B;) > 0, where o (B;) is the spectrum
of B;. We define the Banach space X% = D(B}') with the norm
|ull,; = ||B¥ul|, where D(B¥) is the domain of the operator
Bj'. Finally, taking & > B > 0, then X7 is a dense subspace of

ng with continuous inclusion, also, X? = X.

For more information about sectorial operators we refer the
reader to (Henry, 1981).

3. MAIN RESULTS

In order to state our first result, since —A; is the infinitesimal
generator of the analytic semigroup (e~4i(t));5 for each i €
[1,m], we define the weak formulation for the system (1)
given by

u(t) :P(t—to)uo+/t0tP(t—s)f(s,u(s))ds (6)
with

P(t) = diag(e*Al(t), g An())

In what follows, the constant C > O represents different cons-

tants.

Lemma 3.1 If u is the solution of the system (1) on (t o, t1),
then equation (6) is satisfied. Inversely, if u is a continuous
function of (t, t1) into X*,

L 1 ) s < o

for some p > 0 and equation (6) is satisfied for to < t < ty,
then u is a solution of the system (1) on (o, t1).
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Proof. Let assume that u is the solution of the system (1) on
(to, t1), taking i € [1,m] fixed, we define the auxiliary fun-
ction

gi(f, v) = fi(f, U, ooy Ui 1, U, Uiy 1, ey U

Let see that g; (t u;(t)) is locally Higcelder continuous in ¢ and
fttOJ”o llgi(t,u;i(t))|| dt < +oo. Indeed, since g; : (to,t1) X
X"‘ — X and

llgi(t, ui(t)) — gi(s, ui(t))|l
= |Ifi(t,u(t)) — fi(s, u(s))|
< Nf(tut) = fls,u(s)|l,
< Ljt—s

since t — f(t,u(t)) is Higcelder continuous with exponent
€ (0,1). Furthermore,

to+p tot+p
[ st lar = [
) to

/t:“p T

< +oo

[1fi(t u(t)) | dt

for some p > 0. Now, since u verifies the system (1), we have

that
{ o + Aju; =
uj(0) =

gi(t u;),
Up;.

(7

Therefore by the theorem 3.2.2 in (Henry, 1981), we have that
u; is the unique solution of the system (7), which can be writ-

ten as
t tO Uop; +/

Repeating the same procedure for all i € [1,m], we have

ui(t) = ) gi(s, ui(s) )ds.

t

P(t—s)f(s,u(s))ds

to

u(t)

= P(t —fo)up +

namely u satisfy the equation (6).

Reciprocally, we suppose now that u satisfy the equation (6)
and u € C((to, t1); X*). Besides, for each i € [1,m], we have
that u; : (to,t1) — X} is continuous and verifies

o Ailt— t0u0+/

First, we will prove that u; is locally Hijcelder continuous from
(to,t1) to X¥. Thus, if t,t +h € [t§, 7] C (to, t1) withh > 0
and §; € (0,1 — «), we claim that

ui(t) = 720 gi(s,ui(s))ds.

i (£ 4+ h) = (1), < Cih® ®)

for some positive constant C;. Indeed,

wi(t+h) — () = (e~ — e~ A=)y
t
+ (e*Aih — I)e*Ai(t*S)gi(s, u;(s))ds
to

t+h
+ [ e A g s uy())ds. O

Now, for any z € X, by Theorem 1.4.3 in (Henry, 1981),

< C<t_s)7(a+§i)héiebi(tfs) ||Z|| )

7A1'h _ 7Ai(tfs)
I
H (e )e z o0

Moreover, due to each f; is locally Hijcelder in t and locally
Lipschitz in u, we have that

1fi(t, () — filto, u(to)) | < Li(t = to]* + [[u(t) — u(to) l,)

or equivalently

Igi(t, 1 (8)) = gito, ui(to)) | < LiClt = tol” + u(t)]|,
+lulto)ll,).  (10)

But for hypothesis, we know that u : (fp,t;) — X* is conti-

nuous, then, we have

Co = [lu(to)ll, *#22} [[u]l,, < +o0.

Hence, by the inequality (10)
Igi(twi (D)l <

L(|t — to|® +2Cx) + ||gi(to, uoi) |
L(|t — to® +c).

N

We begin bounding the first term of the equation (9),thus

(" = e Al ug|)
w1
< C(t5 —to)” WHI R I0) gy |
< cn,

since t € [t5, 5] C (to, t1). Now, let us bound the second term
of the equation (9)

/t (e_Aih _
to

e 4 gi(s,u;(s))ds

o,i

t
< [ Clt =) TR gy (s, ui(s) | ds
fo
t
< Ch‘si/ (£ — )~ (@0 bilt=s) (1| — 1|0 + c)ds
to

t
< Ch‘sf/(t—s)_(“+5i)ds
Jig
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< Ch.

Bounding now the third term of the equation (9), taking

Re 0(B;) > v; > 0and Re(c(—a;I)) > —(a; + 7;), using
inequalities (3) and (4), we have
b A(tth—
Hftt+ e~ Ai(t+h S)gi(s,ui(s))ds y
t+h
_ /t ‘ B:}ae—B,-(H-h—s)
euil(tJrhfs)gi(sl ui(s)) H ds
t+h (-
< [ Calt =) e gy (5,1, (5)) | s
t+h
< / Ca(t+h—s) % =5 (L|s — 1% + ¢)ds
t
t+h
< c/ (t+h —s)~%etiltth=s) g
t
t+h
< c/ (t4h —s) % Moe= e~ g
t
t+h
< c/ (t+h—s)""ds
t
< Chlftx
< Ch

for some large enough positive constant C. Hence, inequa-
lity (8) is satisfied. Moreover, t +— g;(t,u;(t)) is locally
Hi celder continuous on (fg, 7). Indeed,

l|gi(t, ui(t)) — gi(s, ui(s))||
= At (D) = fils, ui(s))]
< Li(jt— sl + flu(t) — u(s)]l,)
< Ll =l + Lt =)l
< Li(lt—s’+ 3 il —s|%)
i=1
< Clt—sf Y |t —s%)
i=1
Also,
L st < [ 05t (0 e < s

Then, by Theorem 3.2.2 in (Henry, 1981), u; solves the equa-
tion

gi(t,ui(t))

Up;

= fi(t,u(t))

{ oru; + Aju;
u;(0)

foralli € [1,m].

Now, we are in position to state our main result in which we es-
tablish the existence and uniqueness of solutions to the system

(D).

Theorem 3.1 If f; verifies the hypothesis (2) for each i €
[1,m], then for any (to, ug) € Q) there exists T = T (to, ug) >
0 such that the system (1) has an unique solution u on
(to, to + T) with initial condition u(ty) = uy.

Proof. By the previous lemma is enough to find a solution u of
the equation (6). We choose § > 0, T > 0 such that the set
V=A{(tx)lto <t <to+7,|lx—upl, <5}
is contained in () and
Ifi(t, x) = filt, y)|| < Lillx

for any (t,x), (t,y) € V. Moreover, we claim that for all i €
[1, m], there exists a constant M; > 0 such that

for all + > 0. Indeed, taking Re o(B;) > 7v; > 0 and
Re(o(—a;I)) > —(a; + i), using inequalities (3) and (4)

—Yllo (11)

12)

B;XefA,'tH S Mitfaea,'f

HB?cefAitH _ ‘ B;‘xefA,tefaiIteuiItH
— ‘ B{Xe—Bifeﬂij
i
< oo
< Clxtfrxef%-t "67(7a,41)t“
< Cat_“e_%tCE(ai+7i)t
< M,’filxea"t.

Furthermore, we set

x= max | fi(t,up)||, L= max L;

[to,toJrT] ZG[[l m]]
and
a= max a;, M= max M;,.
ie[1,m] ie[[1,m]

Hence, we can choose T € (0, T) such that

H(e*A"h — Duy; < %, for0<h<T

w,i

foralli € [1,m] and

NI >

T
mM(K+L(5)/ u%e™du <
0
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If S denote the set of continuous functions y : [to, tp + T] —
X® such that [|y(t) —ug||, <dontg <t <tg+T, prov1ded
by the norm

Zsup{IIyz

to <t < to+T}

||0(l’

Iyll”

then S is a complete metric space since it is the product of com-
plete metric spaces with the product norm. So, for y € S, we
define H(y) : [to, to + T] — X™ given by

H() () = Pl to)uo + [ P(E—)f(5,y())ds

We claim that H : S — S is a contraction. Indeed, if Y € S
and tg <t < tg+ T, we have that

IHy)(#) = uoll,
< |[(P(t—to) — Do),
o NS

I
™=

H (e~ A1) — Tuy,

i

i=1
m t
+ 2/ T fils,y(s))|| ds
i=17t !
a &t &,
< *+Z/ (Aj),"e (s, y(s)] ds
2 S
t
< DmM [ (=o)L ys) — woll, -+ w)ds
fo
5

T
< 3 +mM(K+L5)/ u%e™du <6
0

We prove now that H(y) : [to,to + T] — X" is continuous.
Indeed, without loss of generality, we suppose that z < £, thus

IH(y)(#) = H(y)(2) |,

IHi(y)(£) = Hi(y) ()],

I
ingl

IN

Uoj

[H (E*Ai(t*fo) _ e*Ai(Z*tO))
1

o0

AU A s, y(s) s

fo
zx,i]

"

o,i

+ ‘ /ZtE*AfU*S)fi(s,y(s))dS

I
IngE

(h+L+I3).

I
—_

Let e > 0, we need to find 6 > 0 such that |t — z| < ¢ implies
|H(y)(t) — H(y)(2)||, < €. Thus, we bound each term of the
last inequality

Il_” (t—to)

Az‘(Z*fo))

Uoi|| .
a,i

B‘,Xe_ ,‘(Z—fo) (e_Ai(t_Z)MOi — uOZ)

|

Z to)

< B [l H e 4Dy — g
< ||Bf ||ce (z—to) ‘eiAf(f*Z)uol-—uOi
< C; —Ai(t=z),, ‘ < i
= ille Up; — Ug; 3m

the last inequality is satisfied if | — z| < &; for some §; > 0.
Now, bounding I,

= || i e — e A (s, y (s) s "y

< B (e AS) _ A Z‘S>>fi<sfy(s”Hds
< [BY /ZH@‘A"(*‘”—) Al () s
< |By e M fi(s y(s)) st~ 2)

< C(t—z)/t Ca(z —s)%e tilF=9)4s
0

€

< —
- 3m

the last inequality is satisfied if | — z| < &, for some §, > 0.
Now, proceeding with I3,

B = || [ e 209 (s, y(s))ds

a,i

t
1B [ et
z
< cf entes
B z
€

<

IN

i(5,y(s))| ds

3m
with |t —z| < &3 for some d3 > 0. Therefore, taking § =
min{dy, 5,63} we conclude that H(y) € C([to, to + T]; X¥)
and then H(y) € S.

We now prove that H is a contraction. Let 1,z € S and g <
t<ty+t

1Hi(y)(6) ~ Hi(z) ()],
/] (5,9(5))

t
< [ Mt =)L y(s) — 2(9),
fo

IN

o ,—A;(t—s
Bie il

— fi(s,z(s))ll ds

t
= ML [ (¢t

to

— )"l ds |y — 2|
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. /T W ds [y — ZHT because B is bounded and closed and by hypothesis f(B) is
0 bounded in X™.
therefore, with I = [to, o + T] Firstly, we can see thatif &« < § < land t < t < t1, then
T
. 1. ) —u au T n
sup I1Hi(y)(t) = Hi(2) (#)]o; < ML/O whetdslly =zI" Ju), = 21 li(8)]
-

forall i € [1,m]. Hence

A
1
L —
-
=
=5
$

IH@O - HEOIT < mL [ uteds |y 2]

n e‘A‘(t_5>f1(S,M(S))H ds}
< Sly-=" ' l
= 2V ' B—a —A;(t—t
=Y “ B¢BY e~ i(t=to) H
For the fixed point theorem, H has an unique solution u € S, i=1
where u is a continuous function u : [fo, to + T| — (x¥)" E1l oB o As(t—s)
which verifies the equation (6). Also, f; satisfies + /to B [l fi(s,u(s))ll ds
m
fi(t, 1) — filto, uo) || < Li(|t — to|® + || — uoll,) < Y c|B||||BF e A0 gy,
i=1
thus, l ¢
+ [ || Bl A | fils, u(s)) | ds

Li(|t = to” +8) + || fi(to, uo)| fo
L(T? +6)+B<C CZ { (t—to)” (B—a) pai(t—to) gl

1fiCt, )

<
<

IN

and then, for any fixed p > 0

UMt — 5) P ) | fi(s,u(s))| ds]

to+p to+p to
Wt = & [ 1 s

c [(t —tg) "B~ 4
C.

t

IN

(t— s)ﬁds]

< mCp < +oo. to

IN

Therefore, for the Lemma 3.1, u is solution of the system (1)
on (to,tg + T). Thus, Hu(t)Hﬁ remains bounded when ¢t — t;. Now, we

suppose that t < T < t < t1, s0
As a consequence of the previous theorem, we present a result

about the behavior of the solution. u(t)—u(t) = (P(t—1)—Du —|—/ (t—s)f(s,u(s))ds,

Theorem 3.2 If f; verifies the hypothesis (2) for each i € then
[1, m] and for all closed and bounded subset V. C Q) the image
of f(V) is bounded in X™. Then u is a solution of the system |[u(t) — u(7T)||,;

(1) on (ty ,t1) and t1 is maximal, i.e., there is no solution of m
the system (1) on (ty ,tp) if tp > tq, then either t{ = 400 or < Z {C "(E_Ai(t_T) — Du;(7)||
else there exists a sequence t, — t|- as n — 400 such that i=1 t P
th,u(ty)) — Q. If Q) is unbounded, the point at infinity is —Ai(t—s) ¢
Encluci(ed)izz Q). +/T He I filsu(s)) aids]
m
_ o < Yy [c | B| ‘ Bf*lx(e—Ai(t—r) _ I)ui(T)H
Proof. Proceeding by contradiction, we suppose that t; < 400, =
but (¢, u(t) is not in a neighborhood N of 9Q) for t < t < #y, t
we can take N of the form N = )\ B, where B is a closed and + /T ‘ BféefA"(tfs)fi(S, u(s)) H ds} .

bounded set of Q) and (#,u(t)) € Bforall t < t < t;. We will

prove that there exists x; € X* such that (f1,x1) € B with
u(t) — x1 in X* when t — t; . Even more u(t1) = x1, which Bounding the first term, let €; > 0 an arbitrary number. Sin-

means that the solution could be extended until #;. ce ’D(Aﬁ %) is dense in X, we take v € D(Aﬁ *) such that
Indeed, let C = sup{||f(t,u)l,,, (t,u) € B},s0 C < +oo |ju;(1) — | <7, thus
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BE T (e 400 — Dyuy(7) |
-2t
— D(ui(t) —0) + (e~

(1) = 0)| + llui(x) = o]

e

BF ¢

IN

Ai(t=7) _

IN

i

IN

< cle D uy(t) — of| + [|ui(7) — o
e -0
S c e_bitln‘l'q‘l'(t_r)ﬁ_a Af—a@”

< e +C(t—1)f ™

When the last bound is given when # is small enough such that
c(e=%(t=Ty 4 1) < €;. Now, bounding the second term

/|

BYeAi(t=5) (s, u(s)) H ds

t
gc/]meH>wmm@m%
< cM/ ¢%i(t=9) ds
S C( 1 0(

Thus, we have
u(t) - (WaSCFr+U—ﬂﬁ“ a—rﬂ“]

Now, we consider t, — t; and let define u,, = u(t,), thus,
taking € > 0, we have

it — i, < ch+uw4mﬁwum—mﬂ%}
< €.

if n, m are large enough. Therefore, (u,) is a Cauchy sequen-
ce in the complete space X%, thus, there exists x; € X*
such that u, — xq, it means (f,,u(t,)) — (t1,%1) and
since (ty,u(ty)) € B with B closed, we can conclude that
(tl,xl) €B.

Also, since u : (to,t1) — X" is continuous and t, — t; , we
have that (¢,, u(t,)) — (1, u(t1)) € B, thus, we can conclude
that M(tl) = X1.

To finish the proof, using the Theorem 3.1 and considering
(t1,x1) € B C Q, we can find an unique solution v on

(t1,t1 + T(t1)) for some T(t;) > 0 of the system (1) with
initial condition v(#;) = x7. Hence, taking

ift S [to, tl]
if t €[ty t1+T(t))

we note that z is continuous in [fg, f1 + T(#1)). So, we conclude
that z is a solution of the system (1) with z(fy) = Xy on
(to, t1 + T(t1)) which contradict the maximality of f1-

Finally, we state that under some extra conditions the unique
solution is global in time.

Theorem 3.3 Let us suppose that Q) = (7,+00) X X* and
f;(t, x) satisfies hypothesis (2) for each i € [1,m]. Further-

more, there exists k(- ) a continuous function on (T, +00) that

verifies
1F (8 u) ]y < R(E) (L4 [[ul,)

forall (t,u) € Q. If tg > T, uy € X*, the unique solution of
the system (1) with u(ty) = ug exists for all t > tg.

Proof. Firstly, we can note that hypothesis of the Theorem 3.2
are satisfied. Proceeding by contradiction, we take {y > T and
assume that there exists an unique solution of the system (1)
defined in (¢, 1) where #; is maximal, so, for the last result
exists a sequence t, — t; such that ||u(t,)|, — +oco. Howe-

ver, since § < & implies X} < Xf3 for all i € [[1, m], taking
t € (tt1), by a similar procedure to the previous theorem and
since K(-) is continuous on (T, c0), i.e., bounded on [ty, f1],
we have

lu®lle < Ck“*@*““
+ﬂ3“ﬂ>ﬂﬁ@u@ﬂm@}
< c{(t_to)—w—ﬁ)
+ t:(f—s)“k(s)(u ||u(s)||lxds}
< c{(t—to)(“ﬁ)

1+nw>mm]

c(t—s)~" [[u(s)ll ds

< c+/
to

for the Bellman-Gronwall theorem, we can conclude that

t —a
lu@)ll, < Celntse
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< C

vVt € (L tl)-

Which is a contradiction with the fact that ||u(¢)
when t,;, — £

o = o0

4. CONCLUSIONS

Similarly to the problem with a single equation, using the pro-
perties and estimations of sectorial operators, we state a general
result concerning the existence and uniqueness of solutions to
systems of equations, when the diffusion terms are given by
sectorial generators, also, assuming additional hypothesis on
the forcing term, a result of global existence in time is pre-
sented. The computations stated in the paper are based in the
application of the Banach Fixed Point Theorem.
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